The existence of Large sets of Kirkman Triple Systems (LKTS) is an old problem in combinatorics. Known results are very limited, and a lot of them are based on the works of Denniston [2, 3, 5, 4] . The only known recursive constructions are an tripling construction by Denniston [5]and a product construction by Lei [9], both constructs an LKTS(uv) on the basis of an LKTS (v).
Introduction
A Steiner triple system of order v, denoted by STS(v), is a pair (X, B), where X is a v-set and B is a collection of triples (called blocks) of X such that every pair of X is contained in a unique block of B. Let (X, B) be an STS (v) . If there exists a partition A = {P 1 , P 2 , . . . , P (v−1)/2 } of B such that each part P i forms a parallel class, i.e., a partition of X, then the STS(v) is called resolvable and A is called a resolution.
A resolvable STS(v) is usually called a Kirkman triple system of order v (briefly KTS(v)). It is well known that a KTS(v) exists if and only if v ≡ 3 (mod 6).
Two STS(v)s on the same set X are said to be disjoint if they have no triples in common. By a simple counting argument, there can be at most v −2 mutually disjoint STS(v)s on the same set X; such a set of v −2 disjoint systems must contain every possible triple in X, and is called a large set of
STS(v)s and denoted by LSTS(v). A large set of Kirkman triple systems of order v, denoted by LKTS(v), is an LSTS(v) where each STS(v) is resolvable.
The existence problem of LKTS is posed by Sylvester in 1850 as an extension of Kirkman's schoolgirl problem. The existence of LSTS has been completely solved by Lu [10, 11, 12, 13] and Teirlinck [14] , but existence of LKTS is much harder to establish, and only limited results are known. Kirkman [8] showed the existence of an LKTS(9) in 1850, and Denniston [3] constructed an LKTS(15) more than one century later. Denniston [2, 4] , Chang and Ge [1, 6] and Zhou and Chang [17] also gave further direct construction for LKTS. The first recursive construction of LKTS was a tripling construction by Denniston [5] , which was later generalized by Lei [9] to a product construction. Zhang and Zhu [15, 16] improved the above mentioned tripling and product constructions, removing the need of transitive KTS. The known result for existence of LKTS are summarized below:
) for integers r ∈ {1, 7, 11, 13, 17, 35, 43, 67, 91, 123}∪{2
, where s + t ≥ 1, n i , m j ≥ 1, q i ≡ 7 (mod 12) and q i is a prime power.
To this day, known recursive constructions of LKTS are all product constructions; that is, they construct an LKTS(pq) from an LKTS(p) and some auxiliary design on q points. In this paper, we provide a construction of LKTS(q n + 2) from known LKTS(q + 2), which serves as a good complement to the known product constructions.
Main results
The main result we will prove in this paper is Theorem 2.1. If there exists an LKTS(q + 2) for q ≡ 1 (mod 6) a prime power, then there exists an LKTS(q n + 2) for every integer n ≥ 2. 
(2 · 7 m j +1)) for integers q ∈ {7, 13, 19, 25, 31, 37, 43, 49, 61}, n i , m j ≥ 1, a, b, n, s, t ≥ 0.
This result enables us to construct an infinite family of previous unknown LKTS, the smallest of which have order v = 171, 345, 363, 513, 627, 855, 963, 1035 and 1089.
We will construct an LKTS on the point set W {∞ 1 , ∞ 2 }, where W is a vector space of dimension n over F q , and ∞ i are two additional points. The details of the construction are exhibited in the next section.
The Construction
Let q = 6t + 1 be a prime power, (Y = F q {∞ 1 , ∞ 2 }, D i | i∈Fq ) be a large set of KTS(q + 2), where we take D i to be the design that contains the triple {∞ 1 , ∞ 2 , i}, and W = F n q be a linear space over F q . Without loss of generality, let Q i,j (j = 0, 1, . . . , (q − 1)/2) be the parallel classes of D i , where {∞ 1 , ∞ 2 , i} ∈ Q i,0 . We will construct an LKTS(q n + 2) on the point set X = W {∞ 1 , ∞ 2 }.
For each triple A ⊂ Y and point x ∈ W , we denote by Ax the set {ax|a ∈ A}, where
The main ingredient of our construction is a large set of "frames" over W , resolvable into partial parallel classes, and invariant under translations in W . The triples in the "base" frame are exactly those of the form {x, y, −x − y} where x and y are independent. The "holes" within each frame are 1-dimensional affine subspaces of W (or geometrically, lines in W ) that passes a given point; We make use of the triples from the original large set Y to fill in the holes.
We will only describe the "base" frame, which contains all the zero-sum triples that are non-collinear. It is easy to show that the total number of such triples are (q n − q)(q n − 1) 2 /6. We will describe a partition of these triples into (q n − 1)/2 partial parallel classes, where each class contains (q n − q)/3 triples.
We fix a family of skew-
Let g be a primitive root of q, and ω = g 2t be a third root of unity in F q . We define, for each ordered linearly independent pair of points (u, v) ∈ W 2 , the triple
It is easy to see that
The following lemma gives the basis of our construction.
We will denote this set by P u,L,c .
Proof. As L\K have q(q −1) elements, it suffices to prove that every element in L \ K belongs to one of such triple.
Let
We will now construct the frame from the partial parallel classes defined above.
Let U = {K i |1 ≤ i ≤ (q n − 1)/(q − 1)} be the set of 1-dimensional subspaces of W . We choose a generator u i ∈ K i in each K i , and denote
Lemma 3.4. The union of partial parallel classes P g a u i ,ω b where 0 ≤ a < t, b = 0, 1, 2 and 1 ≤ i ≤ q + 1 contains every zero-sum non-collinear triple exactly once.
Proof. The total number of triples in these partial parallel classes is
= (q n − q)(q n − 1)/6, which agrees with the total number of zero-sum non-collinear triples. We only need to prove that every such triple {x, y, −x − y} belongs to at least one of these classes.
Let u 0 = (1 − ω 2 )(ωx − y)/3 and v 0 = (1 − ω 2 )(ωy − x)/3 so that we have {x, y, −x−y} = T (u 0 , v 0 ). Let L be the subspace spanned by x and y, we have
a where c = 0, 1, 2, 3, 4, 5 and 0 ≤ a < t. We can now conclude that {x, y,
It is an immediate conclusion from the above lemma that the union of all translations of the partial parallel classes contains every non-collinear triple in W .
We now proceed to fill the holes in the frame. For each K i ∈ U, we construct a system of representatives R i of the cosets of K i , and an associated function
Recall that Q i,j are the parallel classes of D i and that {∞ 1 , ∞ 2 , i} ∈ Q i,0 .
Theorem 3.5. For each w ∈ W , the following parallel classes
for u i ∈ V , 0 ≤ a < t and b = 0, 1, 2 and
constitutes a KTS(q n + 2), which we will denote by B w .
Proof. By Lemma 3.1,
} is a partition of {∞ 1 , ∞ 2 } (w + K i ). Therefore P w,u i ,a+bt+1 is indeed a parallel class. On the other hand, for each u i ∈ V , {w − p i (w)x i + Au i |A ∈ Q p i (w),0 } contains the triple {w, ∞ 1 , ∞ 2 } as well as other (q − 1)/3 triples that gives a partition of w + (K i \ 0), so the union of these is also a parallel class.
We now prove that B w is an STS, and therefore a KTS by the argument above. The number of parallel classes in B w equals (q n + 1)/2, which agrees with the expected number of a KTS(q n + 2), so it suffices to find a triple B containing {x, y} in one of these classes for all x, y ∈ X.
We distinguish the following cases.
1. {x, y} = {∞ 1 , ∞ 2 }. We know that {w, ∞ 1 , ∞ 2 } ∈ P w, * , so we can take
Otherwise, let x = au i + w where a ∈ F q , then there is a unique block
. {x, y} ⊂ W , and x − w, y − w are linear dependent. Similarly, let x = au i + w, y = bu i + w where a, b ∈ F q , there is a unique block
. {x, y} ⊂ W , and x − w, y − w are linear independent. By Lemma 3.4, the triple {x−w, y −w, 2w −x−y} belongs to one of the partial parallel
Theorem 3.6. The set {B w } w∈W is an LKTS(q n + 2).
Proof. We only need to find, for each triple {x, y, z} ⊂ X, an element w ∈ W such that {x, y, z} ∈ B w . Like the proof of the previous lemma, we distinguish four cases.
where a, b ∈ F q and r ∈ R i , then there is a unique d ∈ F q such that {a, b, z} ∈ D d . Take w = r + dx i . 3. {x, y, z} ⊂ W , and are collinear. Similarly, let x = r + ax i , y = r + bx i , z = r + cx i where a, b, c ∈ F q and r ∈ R i , there is a unique d ∈ F q such that {a, b, c} ∈ D d . Take w = r + dx i . 4. {x, y, z} ⊂ W , and are not collinear. Take w = (x + y + z)/3. Remark 3.7. Suppose the original large set {D i } i∈Fq is invariant under translations in F q , i.e. D i = D 0 + i and Q i,j = Q 0,j + i holds for all i and j. For all w ∈ W and A ∈ Q p i (w),j , we define
By (2) and (3), we can infer that B w = B 0 + w, thus the large set {B w } w∈W is also invariant under translations in W . We can also prove that different choice of R i gives the same design in this case.
Example: construction of an LTKS(171)
In this section, we present an example to illustrate our construction, applied to the case q = 13 and n = 2. The resulting large set is of order 13 2 + 2 = 171, and is previously unknown. The basis of this construction is the LKTS(15) by Denniston [3] , as described below:
, {∞ 2 , 3, 6}, {0, 1, 9}, {2, 4, 12}, {5, 10, 11}} Q 0,6 = {{∞ 1 , 9, 11}, {∞ 2 , 1, 10}, {0, 2, 7}, {3, 4, 8}, {5, 6, 12}}
and Q i,j = Q 0,j +i for i ∈ F 13 . We denote the point (a, b) ∈ F By (3), we obtain the first parallel class of B 0 0 : We describe one of the other 84 classes, namely P 0 0 ,u 1 =1 0 ,1 . By (2), this class is given by
The complete description of the class is given below: 
